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FIGURE 3.4
Left: Frequency dependence of normalized permittivity («0  «1)/(«s  «1) and loss factor «00/(«s  «1) against
frequency, normalized to the relaxation frequency, for a Debye and Cole–Cole with a ¼ 0.4. Right: Plot of
normalized permittivity against loss factor showing a semicircle with its center on the real axis in the case of the
Debye and an arc of a semicircle with its center below the real axis in the case of the Cole–Cole; the apex of the arc
corresponds to the mean relaxation frequency.

Here again, t is the mean relaxation time. As with the Gaussian, this distribution is
logarithmically symmetrical about t/t (Figure 3.5).
In 1951, Davidson and Cole proposed another variant of the Debye equation in which
an exponent b is applied to the whole denominator:
«^ ¼ «1 þ

(«s  «1 )
(1  jvt )b

(3:43)

which gives
«0 ¼ «1 þ («s  «1 ) cos (bf)( cos f)b
«00 ¼ («s  «1 ) sin (bf)( cos f)b

(3:44)

where f ¼ arctan (v t). The corresponding distribution of relaxation times is
r(t=t ) ¼


b
1
t
sin (pb)
p tt

(3:45)

When b ¼ 1, the model reverts to the Debye equation. A plot of the real and imaginary
parts of the model presents a skewed arc, similar to the Debye plot at low-frequencies,
where it intercepts the abscissa at p/2, but at high frequencies the tangent to the arc is b
p/2 (Figure 3.6).
The distribution function is shown graphically in Figure 3.7. It has a singularity at t/t ¼ 1
and returns zero at t > t.
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FIGURE 3.5
Gaussian distribution with b ¼ 2 and Cole–Cole distribution with a ¼ 0.09 as a function of t/t.
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FIGURE 3.6
Left: Frequency dependence of normalized permittivity («0  «1)/(«s  «1) and loss factor «00 /(«s  «1) for a
Cole–Davidson model with b ¼ 0.5. Right: Plot of normalized loss factor against permittivity showing the
characteristic Cole–Davidson skewed arc where the maximum in «00 does not correspond with vt ¼ 1; this point
is found at the interception of the bisector of the high-frequency limiting angle with the data plot.

Another expression, sometimes used to model dielectric data, is the Havriliak–Negami
relation (Havriliak and Negami, 1966). It combines the variations introduced in both the
Cole–Cole and the Cole–Davidson models, giving
«^ ¼ «1 þ

( «s  «1 )

(3:46)

(1  (jvt )(1a) )b

with real and imaginary parts:
«0 ¼ « 1 þ
«00 ¼

(«s  «1 ) cos (bf)
(1a)

sin (ap=2) þ (vt )2(1a))
1 þ 2(vt )
(«s  «1 ) sin (bf)

1 þ 2(vt )(1a) sin (ap=2) þ (vt )2(1a))

b=2

(3:47)

b=2

in which f ¼ arctan {[(vt)(1 a) cos(ap/2)]/[1 þ (vt)(1a) sin(ap/2)]} and the corresponding distribution of relaxation times is
r(t=t ) ¼

1
(t=t )b(1a) sin (bu)
p (t=t )2(1a) þ 2(t=t )(1a) cos (p(1  a)) þ 1)(b=2)

(3:48)

where u ¼ arctan {[(sin(1  a)p)/((t/t) þ cos(1  a)p)]}.
The Cole–Cole plot of the Havriliak–Negami model is an asymmetric curve intercepting the real axis at different angles at high and low-frequencies (Figure 3.8). The distribution of relaxation times is also asymmetric (Figure 3.9).
1

FIGURE 3.7
Cole–Davidson distribution with b ¼ 0.5 as a function of t/t.
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FIGURE 3.8
Left: frequency dependence of normalized permittivity («0  «1)/(«s  «1) and loss factor «00/(«s  «1) for a
Havriliak–Negami model with a ¼ 0.2 and b ¼ 0.5. Right: Cole–Cole plot of the same data. As with the ColeDavidson plot, the vt ¼ 1 point is found at the interception of the bisector of the high-frequency limiting angle
with the data plot.

Havriliak–Negami expressions revert to their Cole–Cole, Cole–Davidson, and Debye
equivalents at the limiting values of b, a, and a and b, respectively. In principle, this
should be the model of choice for dielectric data analysis. In practice, it is not widely
used to describe the dielectric properties of biological material, as will be discussed
later. It is important to recall that these empirical distribution functions lack mechanistic
justification; however, they do serve a useful purpose in enabling the parametrization
of the experimental data, albeit with very limited clarification of the underlying
mechanisms.
Another limitation of this type of analysis is the possibility of obscuring multirelaxation
processes, particularly the presence of a small amplitude dispersion following in the highfrequency tail end of a much larger principal one. This point is well illustrated by Wei and
Sridhar (1993); they point out that a graphical representation of the parameter s00 ¼ v
«0(«0 «1) versus s0 ¼ v«0«00 provides a more sensitive visualization of multirelaxation
processes.
The Debye model and its many variations, including those described in this section,
have been widely used over more than half a century primarily because they lend
themselves to simple curve-fitting procedures. In particular, the Cole–Cole model is
0.18
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FIGURE 3.9
Havriliak–Negami distribution as a function of t/t
showing the effect of b for a given value of a.
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used almost as a matter of course in the analysis of the dielectric properties of biological
materials. Mathematically, at the limit of high frequencies, the Cole–Cole function simplifies to a fractional power law, that is, both «0 and «00 are proportional to (vt)(a 1). This
fractional power law behavior is at the basis of what is known as the universal law of
dielectric phenomena developed by Jonscher, Hill, and Dissado (Jonscher, 1983) for the
analysis of the frequency dependence of dielectric data.

3.4.3

Universal Law of Dielectric Relaxation

Jonscher and his collaborators (Hill and Jonscher, 1983; Dissado and Hill, 1989) collated
and analyzed extensive dielectric data obtained from numerous sources, pertaining to a
wide range of materials, measured over a broad range of temperatures and frequencies.
Their aim was to observe how dielectrics behave rather than presume a model for their
frequency dependence; they studied the data on a log–log scale to better recognize the
presence of a power law dependence, if present. Figure 3.10 shows plots for Debye and
non-Debye responses where vp is the loss peak radial frequency.
Very few materials exhibit a pure Debye behavior where, at frequencies in excess of vp,
the logarithmic slopes for «0 (v) and «00 (v) are 2 and 1, respectively, which is a
Kramers–Krönig compatible result. However, for most materials a power law dependence of the type vn1, with n 6¼ 0, applies for both «0 (v) and «00 (v). This is in compliance
with the Kramers–Krönig relations, which require that at frequencies exceeding vp, both
parameters follow the same frequency dependence, making the ratio «00 (v)/«0 (v) frequency independent. Under such conditions, the ratio of energy dissipated to energy
stored per radian of sinusoidal excitation is constant. The universal law can be summarized by the following frequency dependencies for the normalized complex permittivity:
for v < vp ,

«00 (v)  vm

for v > vp , «00 (v)  vn1

and «0 (v)  1  «00 (v)
and «0 (v)  «00 (v)  vn1

(3:49)

(3:50)

Observation of the experimental data showed that vp is temperature dependent and
follows an Arrhenius function:

1−n
m
wp

wp

FIGURE 3.10
Log–log plot of the normalized permittivity and loss factor against frequency for a Debye-type behavior (left)
and a non-Debye response (right).
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vp ¼ AeW=kT

(3:51)

and the functional form for «00 (v) is
«00 (v) ¼

(v=vp )

A
þ (vp =v)m

1n

(3:52)

The values for «0 (v) can then be determined numerically from the Kramer–Krönig relations.
Although the features of the dielectric spectra of most materials can be described using
this approach, there is no theoretical justification for it. This makes it yet another empirical model, albeit a very general and mathematically elegant one.
3.4.4

Combined Response Model

A model that combines features from Debye-type and universal dielectric response
behavior was proposed by Raicu (1999). In the course of modeling broad dielectric
dispersions, as is often observed in the dielectric spectrum of biological materials, Raicu
found that neither approach was good enough over a wide frequency range. He proposed
the following very general function
«^ ¼ «1 þ

D
[(jvt)a þ (jvt)1b ]g

(3:53)

where a, b, and g are real constants in the range [0,1], t is the characteristic relaxation
time, and D is a dimensional constant, which becomes the dielectric increment («s  «1)
when a ¼ 0, and the above expression reverts to the Havriliak–Negami model, which
further reduces to the Debye, Cole–Cole, or Cole–Davison models with an appropriate
choice of the a, b, and g parameters. For g ¼ 1, it reverts to Jonsher’s universal response
model; in the special case where g ¼ 1 and a ¼ 1  b, it becomes
 vb1
«^ ¼ «1 þ j
s

(3:54)

which is known as the constant phase angle model (Dissado, 1990). In this expression S is
a scaling factor given by S ¼ (D/2)1/(1b)t1. The above expression was successfully used
to model the dielectric spectrum of a biological material over five frequency decades from
103 Hz to 108 Hz.

3.5

Dielectric Properties of Biological Materials—Main Components

Tissue is a heterogenous material containing water, dissolved organic molecules, macromolecules, ions, and insoluble matter. The constituents are highly organized in cellular
and subcellular structures forming macroscopic elements and soft and hard tissues. The
presence of ions plays an important role in the interaction with an electric field, providing
means for ionic conduction and polarization effects. Ionic charge drift creates conduction
currents and also initiates polarization mechanisms through charge accumulation at
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structural interfaces, which occur at various organizational levels. Their dielectric properties will thus reflect contributions to the polarization from both structure and composition. In this section, the contribution of each of the components will be determined
individually and then collectively, leading to the formulation of models for the dielectric
response of biological tissue.

3.5.1

Water

Water is a constituent of all living things; it is the environment in which body electrolytes
and biomolecules reside and interact. Knowledge of its properties must precede the study
of the more complex system. Many of the physical properties peculiar to water are due to
its molecular asymmetry, polar nature, and ability to hydrogen bond, which are all
interrelated. Water is described as an associated liquid because of its intermolecular
hydrogen bonding. One practical reason for emphasizing the study of water in this
chapter is its increasing use as a reference liquid, that is, a material of well-known
dielectric properties. Consequently, it is often used as a standard for the calibration and
testing of dielectric measuring procedures.
The dielectric properties of water are among the most studied and reported in the
literature. Over the past decades, many experimental studies have been carried out to
determine the dielectric properties of water over wide frequency and temperature ranges.
These include Haggis et al. (1952), Lane and Saxton (1952), Hastead and El Sabeh (1953),
Grant et al. (1957), Grant and Shack (1967), Grant and Sheppard (1974), Schwan et al.
(1976), Grant et al. (1981), Hastead et al. (1985), Kaatze (1986, 1988), Buckmaster (1990),
and Buchner et al. (1998). A comprehensive list of references and a historical overview of
the subject can be found in Ellison et al. (1996). Other notable reviews were carried out by
Kaatze (1989) and Liebe et al. (1991).
Data up to 100 GHz exhibit a near-perfect Debye dispersion with fairly well-defined
parameters. Table 3.1 gives the Debye parameters for water at 208C from three relatively
recent reviews. Kaatze (1989) used a Debye expression to model his own extensive
experimental data covering 48C to 608C and 1 to 57 GHz in addition to what he
considered to be credible data from other sources.
Liebe et al. (1991) gathered extensive static and high-frequency data. For frequencies up
to 100 GHz and temperatures from 08C to 308C, the data were a very good fit to the Debye
function. However, including data at higher frequency somewhat reduced the goodness
of the fit, suggesting the possible presence of a much smaller secondary dispersion in the
hundreds of gigahertz range. The next logical step was then to use a two-Debye model.
This proved a good fit to all experimental data up to 1 THz, thus confirming the presence
of a small, high-frequency dispersion, probably due to some subtle molecular mechanism.
TABLE 3.1
Debye Parameters for Pure Water at 208C
Review
Kaatze (1989)
Liebe et al. (1991)
Buchner et al. (1998)

«s

t (ps)

«1

80.2
80.1
80.2

9.47
9.35–9.39
9.32–9.52

5.2
5.3–5.4
5.9–6.0

Notes: For Liebe et al. (1991), t and «1 values are those of the single-Debye model (<100 GHz) and of the
principal dispersion in the two-Debye model (up to 1 THz). Buchner et al. (1998) provide upper and lower
bounds for t and «1 of the principal relaxation of a two-Debye model.
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This secondary dispersion, centered around 670 GHz, brought down the high-frequency
permittivity from 5.4 to 3.3 and made practically no impact on the characteristics of the
principal dispersion, which were almost unchanged (Table 3.1). Liebe et al. (1991)
extended the model to the far infrared (30 THz) by accounting for two near-infrared
resonance absorption terms.
The most recent and comprehensive analysis of the dielectric properties of water is
provided by Ellison et al. (1996), who critically reviewed the literature spanning the late
19th and most of the 20th centuries. With respect to the static permittivity, they obtained a
function «s ¼ a eb with a ¼ 87.85306 and b ¼ 0.00456992, which predicts the value of «s
at a given temperature to well within the limits of experimental accuracy for the range
358C < t < 1008C. All high-frequency data (up to 1 THz) that met their selection criteria
are tabulated. They stopped short of formulating models for the frequency dependence of
the data; instead, they invited comments from the scientific community prior to the
determination of what would probably be the ultimate model and spectral parameters
for the dielectric properties of pure water, a finding that will greatly benefit this field of
study. Already, other researchers have used this extensive survey. For example, Buchner
et al. (1998) reported values for t and «1 of the principal water dispersion (Table 3.1) by
fitting a two-Debye model to combined experimental data from Ellison et al. (1996) and
other, more recent, studies (Barthel et al., 1995).
It is evident from Table 3.1 that the static permittivity and the relaxation time are fairly
well-defined, less so the infinite permittivity. Fortunately, this parameter has little impact
on the dielectric data in the gigahertz range because its value is only a small percentage of
the permittivity in that frequency range. This relatively large uncertainty highlights the
fact that even this most studied, pure substance is not a perfect reference liquid and that
much remains to be done in the characterization of the dielectric properties of water at
terahertz frequencies. Figure 3.11 is a plot of the dielectric properties of water at 208
tabulated by Ellison et al. (1996).
In biological materials, water is a solvent for salts, protein, nucleic acids, and smaller
molecules. It is therefore important to study the effect of solutes on its dielectric response.
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FIGURE 3.11
Experimental data from numerous sources reviewed and tabulated by Ellison et al. (1996).
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3.5.2

Carbohydrates

In quantitative terms carbohydrates are not major constituents of animal cells; they are
present at the surface of the cell membrane and are known to play a role in cellular
communications. They are responsible for the gel consistency that gives certain body
fluids such as vitreous humor and synovial fluid cushioning or lubricating properties.
They are important constituents of certain tissues such as cartilage, tendon, and ligament.
In terms of molecular structure, they vary in complexity and molecular size; they have in
common the presence of one or more hydroxyl groups and the ability to hydrogen bond
with each other or with water molecules. In aqueous solution they modify the principal
dispersion of water to an extent that depends on the nature and concentration of the
organic radical. In general, the dispersion is likely to be broader than a Debye, the static
permittivity lower, and the relaxation time longer than for pure water, as observed and
reported by Bateman and Gabriel (1987).

3.5.3

Proteins and Other Macromolecules

Protein constitutes the bulk of the organic matter in the body. Proteins are described as biopolymers, each molecule being a sequence of amino acids folded into
a specific three-dimensional structure enclosing its hydrophobic sites within it. The
surface has polar, hydrophilic groups with an affinity to bind water molecules from
its surrounding aqueous environment. Part of the function of a protein resides in its
structure; if the structure unfolds the protein is said to be denatured and is no longer
functional. A good model for a globular protein in solution is that of a cluster of organic
matter surrounded by a layer of strongly bound water; the solvent is referred to as free
water to differentiate it from bound water. The size of the cluster depends on the molecular
weight of the protein, which is typically of the order of tens or hundreds of thousands,
that is, significantly larger than a water molecule. In an aqueous environment, most biological macromolecules including proteins act like polar molecules with permanent or
induced dipole moment the magnitude of which depends on the molecular structure,
configuration, and size.
Dielectric spectroscopy is therefore an important tool in the study of these molecular properties (Bateman et al., 1990, 1992). Typically, the dielectric dispersion of a protein
will be in the megahertz frequency range, corresponding to a time constant of the order of
microseconds. The dielectric spectrum of an aqueous globular protein solution will have
two dispersion regions corresponding to the polarization of the protein and water molecules; the larger the protein the more clearly defined they will be. Conventionally, they are
referred to as b and g dispersions, respectively (Figure 3.12). Figure 3.12 shows a conceptual spectrum of a binary, protein–water system. In practice, to maintain the conformational stability of the biological molecules, inorganic ions, in the form of dissolved salts,
must also be present. Table 3.2 has actual data, gathered from the literature, on the
magnitude of the dielectric increment and the relaxation time for proteins of different
shapes, sizes, and dipole moments. Many authors have reported the presence of a small
dispersion that is attributed to bound water, described as molecules that are more or less
strongly bound or otherwise affected by the presence of organic matter. When present, the
spectral region of the bound water is termed d dispersion. The book by Grant et al. (1978) is
a good introduction to this important topic.
Larger biopolymers such as DNA, whose molecular weight may be of the order of
several million, have more complex dielectric spectra with dispersions extending from
kilohertz to megahertz. The elucidation of the polarization mechanisms responsible for
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FIGURE 3.12
Conceptual representation of the dielectric spectrum of an aqueous protein solution. In practice, the two
dispersions may overlap. The nearest to this picture is the complex permittivity spectrum of an aqueous solution
of 1,2-dimyristoyl-L-3-phosphatidycholine reported by Kaatze and Giese (1980).

the dielectric spectrum of aqueous DNA solution is an area of active research. A good
introduction to the subject is the book on biopolymers by Takashima (1989).
There is more than just academic interest in the study of biopolymers. Advances in
nanotechnology are such that biological macromolecules are being considered as possible
nanoscale electronic devices for fast information processing and transfer, a quest that will
keep theoreticians and experimentalists busy for a long time.
3.5.4

Electrolytes

Electrolytes in the form of sodium, potassium, calcium, magnesium, chloride, and other
ions play an important role in the function of biological systems. Many vital processes
depend on a subtle balance being established between the concentration of electrolytes

TABLE 3.2
Dielectric Parameters of Various Proteins at 258C
Protein
Myoglobin
b-Lactoglobulin (in 0.25 M glycine)
Ovalbumin
Horse carboxyhemoglobin
Horse serum albumin
Horse serum pseudoglobulin

Mol wt. (103)

D«

m (D)

t108 (s)

a/b

17
40
44
67
70
142

0.15
1.51
0.10
0.33
0.17
1.08

170
730
250
480
380
1100

2.9
15, 5.1
18, 4.7
8.4
36, 7.5
250, 28

—
4
5
1.6
6
9

Notes: a/b is the axial ratio that determines the shape of the molecule. Where the shape deviates significantly
from the spherical, two relaxation times are observed. The dielectric increment is D«, the dipole moment m is
given in Debye unit (1 D ¼ 3.33  1030 cm)
Source: From Foster KR, Schwan HP. 1989. Crit Rev Biomed Eng 17(1): 25–104. With permission.
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inside and outside the cell. The cell membrane is, to a great extent, impermeable to the
passive exchange of ions but allows directed movement under physiological control. In
terms of dielectric properties, electrolytes have two effects. The direct effect, already
mentioned, is the production of ohmic currents and energy loss in the system. This has
the effect of making the static conductivity finite with a value commensurate with the
ionic concentration and mobility. There are also important indirect effects whereby ionic
charges contribute to the polarization of a biological system. One is interfacial polarization, whereby charge accumulation occurs at interfaces that are impermeable to ions.
Another polarization mechanism is the ionic diffusion in electrical double layers adjacent
to charged surfaces. Conduction, interfacial, and ion diffusion phenomena contribute
significantly to the dielectric spectra of tissue.

3.5.5

Dielectric Dispersions in Tissue

The dielectric spectrum of a biological tissue (spleen at 378C) is given in Figure 3.13 as an
example of the response of a high water content tissue. Three main dispersion regions are
immediately obvious and are referred to as a, b, and g dispersions. The dispersions are
rather broad, indicating the possible overlap of discrete relaxations arising from the
polarization mechanisms encountered in the complex biological environment. Ionic conductivity contributes significantly to the loss factor, obliterating its features, and it is more
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FIGURE 3.13
Dielectric spectrum of a high water content tissue (spleen at 378C); experimental data are from Gabriel et al.
(1996); dotted line is a best fit to a model of four Cole–Coles and a conductivity term.
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informative to express the dielectric properties of tissues as permittivity and conductivity
as in Figure 3.13.
3.5.5.1 a Dispersion
The a or low-frequency dispersion is characterized by very high permittivity values and
can be ascribed, at least partially, to counterion diffusion effects. Such large dispersions
are predicted by theories of ionic diffusion in heterogenous media. While it is not
possible to model the complexity of a tissue, simpler mixture models predict dielectric
increments of the right order of magnitude. Other mechanisms were postulated to
contribute to the a dispersion; many relate to interactions in the vicinity of the cell
membrane. The cell membrane is a complex, dynamic structure comprising a phospholipid bilayer. The lipid, hydrophobic ends of the phospholipids form a middle layer; the
hydrophilic groups cover the inner and outer surfaces. Embedded in the bilayer are
proteins, transport organelles, and ionic channels that operate under physiological
control. The ionic balance between the intra- and extracellular media maintains a 60to 70-mV potential difference between them of about 10 kV/mm across the membrane,
assuming a 6- to 7-nm thickness. Membrane-related mechanisms that are thought to
contribute to the a dispersion include the charging of intracellular membrane-bound
organelles and a frequency dependence in the impedance of the cell membrane itself.
An important reason for the uncertainty in the understanding of this dispersion is the
paucity of error-free dielectric data in its frequency range. The a dispersion has a very
large permittivity increment. The corresponding decrement in conductivity is small;
this, however, does not contravene the principle of causality and the Kramers–Kronig
relations, which predict a change in conductivity of about 0.005 S/m for a 106 increment
in permittivity and relaxation frequency of 100 Hz.
3.5.5.2 b Dispersion
The b dispersion occurs at intermediate frequencies and originates mostly from the
capacitive charging of the cellular membranes and those of membrane-bound intracellular bodies. This phenomenon, also known as interfacial polarization, has been studied
theoretically and experimentally. It was established experimentally that damage to the
cell membrane changes the features of the b dispersion. Numerous biomedical applications are based on the variation of the parameters of the b dispersion with pathological
conditions involving changes in cell physiology and morphology. Tissue with directed,
anisotropic cellular structure would exhibit an anisotropic dielectric response in the
frequency range of the b dispersion.
Modeling the electrodynamics of a simplified tissue-like system, for example, suspensions of spherical inclusions in conductive media, has established theoretical grounds for
the presence of the b dispersions. It enables the computation of an effective permittivity of
similar order of magnitude to the b dispersion. For a system of concentric shells in
conductive media (Hanai et al., 1988; Irimajiri et al., 1991), it predicts the presence of
dielectric dispersions equal in number to the number of interfaces. These interfacial
polarizations are boundary effects that occur in addition to other polarizations that may
occur in the components of the system. The multiplicity of mehanisms goes a long way
toward explaining why the b dispersions in tissue are rather broad.
3.5.5.3 g Dispersion
The g dispersion is due to the dipolar polarization of tissue water. At frequencies in
excess of a few hundred megahertz, where the response of tissue water is the dominant
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TABLE 3.3
Dielectric Parameters of Water Dispersion in Tissues Obtained by Analysis of Experimental
Results at 378C
Tissue
Bone (cortex)
Bone (section)
Cartilage
Cornea
Lens (cortex)
Lens (nucleus)
Retina
Brain (gray)
Brain (white)
Cerebellum
Dura
Brain stem
Tongue (in vivo)
Aqueous humor
Water

«s

t (ps)

a

s (S/m)

14.9
22.1
43.6
53.0
52.1
38.1
67.3
55.5
37.0
50.2
49.2
34.6
57.7
74.2
74.1

13.8
14.4
12.8
8.72
9.18
11.3
7.25
7.76
8.04
8.52
9.63
8.45
9.12
6.81
6.2

0.26
0.22
0.27
0.13
0.11
0.20
0.05
0.12
0.24
0.09
0.14
0.20
0.08
0.01
0.0

0.092
0.208
0.58
1.05
0.72
0.33
1.42
1.03
0.47
0.89
0.77
0.47
0.63
1.83
>0.0001

Source: From Gabriel et al. (1996c).

mechanism, the complex permittivity may be expressed as Cole–Cole plus a conductivity term to simulate the dipolar dispersion of water and the contribution of the
electrolytes; thus,
«s  «1
s
þ
«^(v) ¼ «1 þ
1a
jv«
1 þ (jvt)
0
where s is the conductivity due to ionic currents and to the lower-frequency polarization
mechanisms. Table 3.3 gives the parameters of the g dispersion of tissues modeled to the
above expression. The water content of the tissues considered ranges from >95% for
vitreous humor and >85% for retina to <20% for cortical bone. The correlation between «s
and tissue water content is an obvious and expected result. The value of the distribution
parameter a is significant for most tissues and negligible for body fluids (as for aqueous
humor, for example). The mean relaxation time t is generally longer than the value for
water, indicating a restriction in the rotational ability of at least some of the tissue water
molecules. The lengthening of the relaxation time of water in biological material is a wellstudied hypothesis; the effect is common to most organic solutes, is known to increase
with solute concentration (Grant et al., 1981; Bateman et al., 1990), and has previously
been observed in tissues (Gabriel et al., 1983).
3.5.5.4 d Dispersion
Tissues and other biological materials may exhibit dispersions other than the three
main ones. The d dispersion, identified in some protein solutions between the b and g,
dispersions may also occur in tissue in the hundreds of megahertz range; when present,
its magnitude is small compared to the adjacent ones. Possible mechanisms include the
dipolar relaxation of bound water, relaxation of small dipolar segments or side chains of
biological molecules, and counterion diffusion along small regions of the charged surface.
Under these conditions it is difficult to isolate and, in view of the multiplicity of possible
mechanisms, difficult to interpret. It is often treated as the tail end of the b dispersion or a
broadening of the g dispersion.
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3.5.6

Effective Complex Permittivity of a Heterogenous System

Where adequate experimental data are available, the complex permittivity of a tissue can
be quite adequately modeled with four Cole–Coles and a static conductivity term:
«^(v) ¼ «1 þ

4
X

D«n

n¼1

1 þ (jvt n )(1an )

þ ss =jv«0

(3:55)

This is a descriptive model, imparting no definite information on the polarization mechanisms; the measured dielectric properties represent the bulk response of the tissue.
Assigning effective parameters to a heterogenous medium is equivalent to treating it as
homogenous where these parameters are concerned; in this case, its structural components are much finer than the wavelength of the field probing it.
The derivation of a general formula for the effective permittivity of a system in terms of
those for its constituents is based on the theory of the transport properties of mixtures
(Reynolds and Hough, 1957). For example, in the case of a binary mixture where a
medium with permittivity «1 has inclusions of permittivity «2 and assuming that v1
andv2 are their respective volume fractions such that v1 þ v2 ¼ 1, then the average electric
displacement D is given by
D ¼ v1 D 1 þ v 2 D

(3:56)

and the average electric field is given by
E ¼ v 1 E1 þ v2 E2

(3:57)

The effective permittivity « of the mixture is given by
D ¼ ««0 E

(3:58)

and for each component, D1 ¼ «1«0 E1 and D2 ¼ «2«0E2. Equation 3.56 and
Equation 3.57 give
« ¼ «1 v1 f1 þ «2 v2 f2

(3:59)

where v1f1 þ v2f2 ¼ 1, f1 ¼ E1/E, and f2 ¼ E2/E, which gives two general formulations
for the effective permittivity of the mixture:
« ¼ «1 þ («2  «1 )v2 f2

(3:60)

(«  «1 )v1 f1 þ («  «2 )v2 f2 ¼ 0

(3:61)

or

The theoretical problem that needs to be resolved for specific mixtures boils down to the
determination of the field ratios f2 or f2 and f1. Theoretically, the two formulations are
equivalent but, when approximations have to be made for the values of the field ratios,
this is no longer true. Most of the published mixture equations differ from one another in
the approximations considered appropriate. As for which of the two formulations to use
as a starting point, it would seem reasonable to use Equation 3.60 for the case of sparse
inclusions in a continuous medium and Equation 3.61 when the volume fractions of the
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